INVERSE TRIGONOMETRIC FUNCTIONS

If sin @ =X is a trigonometrical equation, then the value of @ which satisfies this equation is denoted by sin”! x

and it is read as ‘sine inverse x’. It is called inverse function of sine. Similarly inverse functions of other
trigonometrical functions are defined. Hence inverse functions of trigonometrical functions are defined as follows-

1

sin” x= @ = sin § =x
cosflx=9 P cos @ =X
tan”! x = 2] P tan @ =X
cot ' x = J2] P cot 9 =X
secﬁ1x=9 P sec § =X
cosec | x = J2] P cosec @ =X

DOMAIN AND RANGE OF INVERSE FUNCTIONS

As we know that in direct trigonometric functions, we are given the angle and we calculate the trigonometric ratio
(sine, cosine, etc.) or the value at that angle. Also to many values of the angle the value of trigonometric ratio is
n 51 9n
4'4° 4
of a trigonometric ratio. In inverse trigonometry some restrictions have been imposed on the angles, and these are
based on the principle values of the angles.

samee.g., tang = 1 for 0= , etc. Inverse trigonometry deals with obtaining the angles, given the value

The inverse of sine function is defined as sin'x = @ or arc sin x = @, where 1< x<1 and *g <0< g e.g.,
L . . 5 . 13= 1 o \/5 n
sin">=3% and nothing else, although sin & Sin—g etc. are also equal to —, SIN | 7~ |= = only. Note that
sin"'x # L( L =(sin x)1j
sinx\ sinx
We list below the difinitions of all inverse trigonometric functions with their respective domains and ranges.
Function Domain Range
y = f(x) (permitted value of x) (permitted value of y)
y _ ol 11 _rr
(i) y=sin x -1, 1] 2’9
(i) y=cos'x [-1,1] [0, ]
o] _rrT
(il) y=tan  x (~o0,00) ( 2'2]
(iv) y = cot’ x (—o0,0) (0, 7))
T T
W = oot (<ol 25437

(vi) y = cosec™ x (—oo,—1]u[1,oo) {—g
[1]
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1 2n T
e.g., cos™ 53 tan~! (-1) = ——

4

5
; cosec™ (2) =%; sec(-1) =  ; cot” (-4/3) =Fn, etc.

PROPERTIES OF INVERSE FUNCTIONS

(1) sin(sinﬁlx) =X
cos(cosflx) =X
tan(tanflx) =X
cot(cotﬁlx) =X
sec(sec_lx) =X

—1 _
cosec(cosec X) = X

(i) sinﬁl(sin 0)=20 only if
cosfl(cos 0)=20 only if
tanﬁl(tan )= 20 only if
cotfl(cot 0)=20 only if
sec’l(sec )= 0 only if
cosecfl(cosec 0)=20 only if

(iii) sin"'(—x) =—sin"'x
cosfl(fx) =1 —cos 'x
tanﬁl(—x) = tan'x
cotﬁl(—x) = 1 —cot 'x

1
(iv) sin”' x = cosec”! (;)

1

tan ' x = cot ! [;] only if

-1<x<1
-1<x<1
—0 < X < 0
—0 < X <00
Xx<-10r x>1

Xx<-10r x>1

—g£6<00r0<6£

N3

-1<x <1
-1<x<1
—0 < X<

—0 < X<

-1<x<0o0or0<x<1

-1<x<0or0<x<1

x>0

because range of these two functions are different.

Ifx <0, tan"' x =—m+cot™ (1J
X

. = a5 T
) sin! x + cos ]x=5

Get More Learning Materials Here : &

@S www.studentbro.in



-1 1 _TC
tan * x + cot X_E

1 1 T
sec X +cosec X = E

SUM AND DIFFERENCE FORMULAE
(i) sin' x+sin'y=sin" (x1-y? +yf1-x2)

n—sin‘1(x,l1—y2 -y 1-x2 )
- —n—sin’1(x,/1—y2 +y\/1—x2),

—0 < X<

x<-1orx=>1

if xy <0or x> +y? <1

if x>0,y>0,x%+y? >1

if x<0,y<0andx?+y? >1

sin”' x —sin"'y = sin! (x\/1—y2 _Y\/1—X2 ) if xy>0and x? +y? <1
(ii) cos ' x+cos 'y =cos ' (Xy—1_x2 J1-y2 ) ifx+y30
= 2n—cos ' (Xy —y1—x2 J1-y?), ifx+y<0

cos’1(xy+\/1—x2,/1—y2), ifx>0,y>0,x<y
(iii) cos 'x — cosfly =
—cos‘1(xy+w/‘1—x2 ,/1—y2j, ifx>0,y>0x>y

. _ _ BIRSAN
(iv)  tan 'x +tan 1y=tanl[1_ny ifx,y>0andxy<1
L x+y ).
= n +tan —1—xy if x, y>0andxy> 1
X-y .
tan ' x — tan ! y=tan71 (,nyj ifx,y >0
(v) tan'x +tan'y+ tan'z=tan™! XIYTZTRZ
y 1-xy —yz—-zx

SOME IMPORTANT RESULTS

(vi) 2sin! x =sin" 2x J1—x2

(vii) 2 cos ' x =cos ! (2x2 -1

- _ 2x .1 41- X2
viii 2tan ' x =tan | =sin =Ccos
(viir) 1-x2 1+ x2 1+ x2
(ix) 3sin! x=sin! (3x - 4x3)
(x) 3 cos ' x =cos! (4x3 —3x)

3x-x3

(xi) 3tan ! x = tan”! 132
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MISCELLENEOUS RESULTS

_ X .1 X
: tan”" =sin —
) a2 _ x2 1 (aj

— I - (X
(11) tan ﬁ :3tan (gj

(]11) tan

(iv) sin”'(x)=cos' (m)=tan1[

1-x? X 1 1
1 o] (V‘l—xz)z tan™ =cot™ = sec‘(—j =cosec
(v) cos x=sin X 12 X ,—1—x2

’ 2
=cot™ (%) =sec™’ (\/1 +x2 ) = cosec{ T+x J

(vi) tan'x =sin! ( = ] =cos”’ [ L
1+x2 1+ x2 X

GRAPHS
w2
(1) y=sin"'x|x|<Lye L E g 1 *
y s| A= 1 2a )
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_ -1
(2) y=rcos 'x,|x|<1,y€[0, 7] | o 11 x
y
1d2 oo
T T / x
3) y=tan'x,xeR,ye ——, — o
3y y 205 _
-2
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(4) y=cot'x, x eR, yeO,m
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8 /M
ol
° R
B
= (@\|
' =3
.2
o)
2,
8 =
3
.2
o
.2
e
Q
2,
Bl .4
=) w,
1
) Bl
e Bl
B|a !
[ w
>
w K
> (7
19 e
AL e
= -
s Il
>
- 5
0 R
[} 7]
(7] ~—
o 7
o =
[ 2
> [
>
<) =
N N

y

2%

by

45°

+1

3n/2 -®m

2%

x, X €[-1, 1], y e[-1, 1]

(i) y= sin(sin'l X)
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(i) y=cos'(cosx)=x, x eR, y €[0, m],y is periodic with period 27

VA
T
& A £
v n 7 A
X —_—
A N, T2 o
45// + N
21 Y ) T T 2 x
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(i) y=cos(cos’ x)=x, x €[-1, 1], y €[-1, 1]
Aky
] ——— :
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430 y-= tan'l(tan X)=X,X €R —{(Zn —l)gn € I}, ye (—g, g), y is periodic with period T
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(i) y=tan(tan” x)=x, xeR,yeR
y

A{’r
45°
6]

[eR 4

(i) y=cot'(cotx)=x,xeR- nn, ye 0, n,periodic with 7t

A 4
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(ii) y=co‘[(cot'l x)=x , X €R, yeR
Ay

N\

Ay
N I
N & h Y
3 L * 3n /“"'
T N

2 45° b} .

_3n T (6] o T o >
2 2

y
5

N\

() y=sec'(secx)=x, x €R~ (2n—1)§ nel , ye 0,% U %, 7,y is periodic with period 27
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(i) y=sec(sec” x)=x, |x|>1; |y|>1 1 e
] ) 1 >
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